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This work is based on ideas of Somer and of Krˇížek on the struc-
ture of digraphs associated with quadratic congruence modulo n.
We study the quadratic digraph whose vertex set V f is the quo-
tient ring A/ f A and edge set is given by E(2)f = {(g¯, g¯2): g¯ ∈
A/ f A}, where A = Fq[x] and f ∈ A is a monic polynomial of de-
gree  1 in A. Our main tool is the exponent of the unit group
(A/ f A)∗ and we obtain results parallel to them.
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1. Preliminaries
Let Fq be the ﬁnite ﬁeld with q elements. Write A for Fq[x]. Let f be a monic polynomial of
degree  1 in A. Recall that A/ f A is a commutative ﬁnite ring with qdeg f elements. We denote its
unit group by (A/ f A)∗ = {g¯: g ∈ A and gcd(g, f ) = 1}. The gcd(g, f ) means the monic common
factor of g and f of highest degree.
Let G(2)f be the digraph whose vertex set is the set V f = A/ f A and the edge set is given by
E(2)f =
{(
g¯, g¯2
)
: g¯ ∈ A/ f A}.
✩ The research of the ﬁrst author was supported in part by the Center of Excellence in Mathematics, the Commission of
Higher Education.
* Corresponding author at: Department of Mathematics, Faculty of Science, Chulalongkorn University, Bangkok, 10330,
Thailand.
E-mail addresses: yotsanan.m@chula.ac.th (Y. Meemark), nathan_p6@hotmail.com (N. Wiroonsri).1071-5797/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.ffa.2010.05.004
Y. Meemark, N. Wiroonsri / Finite Fields and Their Applications 16 (2010) 334–346 335For simplicity, we shall abuse notation by writing g ∈ A and considering it modulo f . It is immediate
that G(2)f with q
deg f vertices also has exactly qdeg f directed edges.
This digraph is deﬁned by following the idea of Somer and Krˇížek [3,4] who studied the structure
of digraphs G(n) associated with a quadratic congruence modulo n. Their digraph G(n) has the ring
of integers modulo n, Zn , as a vertex set V and there exists a directed edge from a ∈ V to b ∈ V if
b ≡ a2 mod n. It is well known that the ring of integers Z has many properties in common with A
(see Section 1 of [2]). The graph G(2)f given above provides another parallel topic in a study of number
theory on polynomial rings over ﬁnite ﬁelds. It yields another connection of number theory with
graph theory.
A component of a digraph is a subdigraph which is a maximal connected subgraph. The indegree
[resp. outdegree] of a vertex g ∈ V f of G(2)f , is the number of directed edges entering [resp. leav-
ing] the vertex g and denoted by indeg f g [resp. outdeg f g]. The deﬁnition of G
(2)
f implies that the
outdegree of each vertex is equal to 1. This results in the fact that each component has a unique
cycle.
Theorem 1.1. Each component of the digraph G(2)f has exactly one cycle. Therefore, the number of components
of this digraph is equal to the number of its cycles.
Proof. Let g be a vertex in a component C of G(2)f . Consider the path
g → g2 → g4 → ·· · → g2i → ·· · .
If there is no cycle, then the above path is inﬁnite and so is the order of g , which is impossible.
Thus, C contains a cycle. Moreover, if C processes more than one cycle, then there is a vertex with
outdegree greater than one, which is a contradiction. Hence, each component contains exactly one
cycle. 
We call a cycle of length one a ﬁxed point. For an isolated ﬁxed point, the indegree and outdegree
are both one. The next two theorems tell us about isolated ﬁxed points and isolated cycles.
Theorem 1.2. The zero polynomial is an isolated ﬁxed point of G(2)f if and only if f is square-free, that is,
f = P1P2 · · · Pr , where Pi are distinct monic irreducible factors of f for all i ∈ {1,2, . . . , r}.
Proof. If P2 | f for some irreducible polynomial P , then f /P ∈ A and
(
f
P
)2
≡ f
(
f
P2
)
≡ 0 mod f .
Thus, 0 is not an isolated ﬁxed point. Conversely, assume that f is square-free. If x2 ≡ 0 mod f , then
x ≡ 0 mod f . Hence, 0 is an isolated ﬁxed point of G(2)f . 
Theorem 1.3. If q is odd, then there are no isolated cycles in G(2)f except the isolated ﬁxed point 0.
Proof. Let g be a vertex in an isolated cycle of G(2)f and h ∈ A such that h2 ≡ g mod f . Then
(−h)2 ≡ g mod f . Since g is in an isolated cycle, h ≡ −h mod f , so 2h ≡ 0 mod f . Since charFq > 2,
h ≡ 0 mod f which implies that g ≡ 0 mod f . 
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f = Pe11 Pe22 · · · Perr ,
where each Pi is a monic irreducible polynomial in A, Pi = P j for i = j, and ei is a positive integer,
then we have
A/ f A ∼= A/Pe11 A × A/Pe22 A × · · · × A/Perr A (1.1)
and
(A/ f A)∗ ∼= (A/Pe11 A)∗ × (A/Pe22 A)∗ × · · · × (A/Perr A)∗. (1.2)
Let ω( f ) denote the number of distinct monic irreducible polynomials dividing f , i.e., r = ω( f ).
A graph is regular if all its vertices have the same degree. The digraph G(2)f is said to be semiregular
if there exists a positive integer d such that each vertex of G(2)f either has indegree 0 or d.
Next, we consider two disjoint subdigraphs G(2)f ,1 and G
(2)
f ,2 of G
(2)
f induced on the set of vertices
which are in the unit group (A/ f A)∗ and induced on the remaining vertices which are not invert-
ible modulo f , respectively. They may be called the unit subdigraph and the zero divisor subdigraph,
respectively. Observe that there are no edges between G(2)f ,1 and G
(2)
f ,2, that is, G
(2)
f = G(2)f ,1 ∪ G(2)f ,2.
We know the outdegree of each vertex is equal to 1. We investigate the indegree of vertices in
G(2)f and ﬁnd that G
(2)
f ,1 is semiregular.
Theorem 1.4. Suppose that q is odd. For every monic polynomial f ∈ A, we have the digraph G(2)f ,1 is semireg-
ular. Moreover, if g is a vertex of G(2)f ,1 , then
indeg f g = 0 or indeg f g = 2ω( f ).
Proof. If indeg f g = 0 for all vertices g = 1 in G(2)f ,1, then the result clearly holds, so we shall assume
that there exists a vertex g = 1 in G(2)f ,1 such that indeg f g > 0. Thus, there exists an h ∈ (A/ f A)∗
such that h2 ≡ g mod f . Note that s ∈ (A/ f A)∗ is a root of x2 ≡ g mod f if and only if sh−1 is a
root of x2 ≡ 1 mod f . Hence, the number of quadratic roots (if they exist) of any quadratic residue in
(A/ f A)∗ is equal to the number of quadratic roots of 1 modulo f , so indeg f g = indeg f 1.
To determine indeg f 1, we ﬁrst ﬁnd indegPe 1, where P is a monic irreducible factor of f and
e  1. Observe that
g2 ≡ 1 mod Pe if and only if (g + 1)(g − 1) ≡ 0 mod Pe.
If P | g + 1 and P | g − 1, then P | 2 which contradicts the irreducibility of P . Thus, Pe either divides
g + 1 or g − 1 but not both. Hence, g ≡ 1 mod Pe or g ≡ −1 mod Pe are the only two solutions
of x2 ≡ 1 mod Pe . Therefore, the number of solutions of x2 ≡ 1 mod f in (A/ f A)∗ is 2ω( f ) , and so
indeg f 1 = 2ω( f ) . 
A t-cycle is the cycle of length t and we assume that all cycles are oriented counterclockwise. The
distance from a vertex g ∈ V f to a cycle is the length of the directed path from g to a vertex in the
cycle.
It can be shown similarly to the above theorems that every component of G(n) contains a unique
cycle (Proposition 1.1 of [4]). In addition, Somer and Krˇížek determined the number of ﬁxed points,
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in §3 of [4]. Their main tool is the Carmichael λ-function λ(n), which was ﬁrst introduced in 1910
(see [1]). It turns out that λ(n) is the universal order modulo n, i.e., aλ(n) ≡ 1 mod n if and only if
gcd(a,n) = 1. Its properties are recalled in §2 of [4].
The exponent of a ﬁnite group G , expG , is the least positive integer n such that gn = e for all
g ∈ G . It plays the role of the universal order for a group. Note that expG divides |G|. We brieﬂy
discuss some properties of the exponent of a group in
Theorem 1.5. Let G be a ﬁnite group and H a subgroup of G.
(1) expG = lcm{o(a): a ∈ G}, where o(a) is the order of a in G.
(2) exp H divides expG.
(3) If G = G1 × G2 , then expG = lcm(expG1,expG2).
(4) If G is abelian, then there exists a g in G such that o(g) = expG.
Proof. (1)–(3) are clear. To prove (4), assume that G is abelian. By the elementary divisor theorem,
there exist positive integers n1,n2, . . . ,nt  1 such that n1 | n2 | · · · | nt and
G ∼= Zn1 × Zn2 × · · · × Znt .
Thus, expG = nt and (0,0, . . . ,0,1) in the rightmost group has order nt . 
In this work, we replace the Carmichael λ-function with λ( f ) = exp(A/ f A)∗ , the exponent of the
unit group (A/ f A)∗ and study the digraph G(2)f , deﬁned above. We obtain results analogous to the
work of Somer and Krˇížek for the structure of our new digraphs. The exponent of the unit group
(Z/nZ)∗ is completely determined by using the theory of primitive roots. Unfortunately, we have no
explicit formula to compute λ( f ).
The paper is organized as follows. Section 2 covers the main theorem on t-cycles and consequences
for the digraph G(2)f and its subdigraphs G
(2)
f ,1 and G
(2)
f ,2. The number of components and maximum
distances are studied in Section 3. The ﬁnal section gives three examples of square mapping digraphs
demonstrating the results in the previous sections.
This work grows out of the second author’s senior project at Chulalongkorn University written
under the direction of the ﬁrst author to which he expresses his gratitude. The authors would also
like to thank the referee for valuable comments and suggestions which improved the paper.
2. Cycles
In this section, we prove the main theorem about the t-cycles for the digraph G(2)f (Theorem 2.1)
and derive its consequences on the unit subdigraph and on the zero divisor subdigraph. Our main tool
is the λ-function given by λ( f ) = exp(A/ f A)∗ and the properties of the exponent of a ﬁnite group
recorded in Theorem 1.5.
Notation. If R is the ring of integers Z or the ring of polynomials A, for each a,d ∈ R with
gcd(a,d) = 1, we write ordd a = t if t is the least positive integer such that at ≡ 1 mod d.
We also repeatedly use the following two facts.
(i) ordd(ab) = lcm(ordd a,ordd b), and
(ii) ordd an = ordagcd(n,ordd a) , where n ∈ N.
Theorem 2.1. Let f be a monic polynomial of degree n > 0 in A and suppose that f = Pe11 Pe22 · · · Perr is its
prime decomposition. Then we have the following statements.
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(2) If g is an element of a cycle, then Peii | g whenever Pi | g. Furthermore, if g and h lie on the same cycle,
then Pi | g if and only if P i | h.
(3) If g is a vertex of a t-cycle, then ord f ∗ g = d, where the monic polynomial f ∗ = f /gcd(g, f ), d is odd,
and ordd 2 = t. In addition, if h is on the same t-cycle as g, then ord f ∗ g = ord f ∗ h.
Proof. Clearly, G(2)f contains the ﬁxed point 0 and ordd 2 = 1 when d = 1. Next, we assume that g is
a ﬁxed point of G(2)f . Then
g2 − g = g(g − 1) ≡ 0 mod f .
Since gcd(g, g − 1) = 1, Pi | g implies Peii | g . Since gcd(g, f ) | g , g ≡ 1 mod f ∗ , where f ∗ =
f /gcd(g, f ). Hence, ord f ∗ g = d = 1 and so ordd 2 = t = 1.
Suppose that t > 1 and G(2)f has a t-cycle containing a vertex g . Then t is the least positive integer
such that
g2
t ≡ g mod f .
Thus, we have
g2
t − g = g(g2t−1 − 1)≡ 0 mod f .
Since gcd(g, g2t−1 −1) = 1 and gcd(g, f ) | g , we get Peii | g whenever Pi | g . Therefore, gcd(gcd(g, f ),
f ∗) = 1 and t is the least positive integer such that g2t−1 ≡ 1 mod f ∗ .
Now assume that g and h are in the same t-cycle of G(2)f . Then there exists an i ∈ {1,2, . . . , t} such
that
h ≡ g2i mod f and g ≡ h2t−i mod f . (2.1)
It follows that Pi | g if and only if Pi | h.
Let g be an element of a t-cycle in G(2)f . Since g
2t−1 ≡ 1 mod f ∗ , we have gcd(g, f ∗) = 1. Let
d = ord f ∗ g . Then t is the least positive integer such that d | (2t − 1). Thus, t = ordd 2 and d is odd.
Moreover, d | λ( f ∗) by the deﬁnition of λ. Since f ∗ | f , λ( f ∗) | λ( f ) and so d | λ( f ). Noting that
gcd(2 j,d) = 1 for all j  0, we derive from (2.1) that ord f ∗ g = ord f ∗ h if g and h lie on the same
cycle in G(2)f .
It remains to show the necessity part of (1). Let t = ordd 2 be for some odd positive divisor d
of λ( f ). By Theorem 1.5, there exists a vertex g ∈ A/ f A such that ord f g = λ( f ). Let h = gλ( f )/d .
Then ord f h = d. Since d | 2t − 1 but d  2k − 1 if 1 k < t , we see that t is the least positive integer
for which
h2
t−1 ≡ 1 mod f ,
so we ﬁnally reach
hh2
t−1 = h2t ≡ h mod f .
Therefore, h is a vertex of a t-cycle in G(2)f . 
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(1) If there exists a t-cycle in G(2)f , then there exists a t-cycle in G
(2)
f ,1 .
(2) The subdigraph G(2)f ,1 contains a t-cycle if and only if there exists a positive odd integer d such that t =
ordd 2 and d | λ( f ).
Proof. (1) It suﬃces to assume that there exists a t-cycle in G(2)f ,2 and t > 1. Let g be a vertex of this
t-cycle. As in the proof of Theorem 2.1, we obtain
g ≡ 0 mod gcd(g, f ) and g2t−1 ≡ 1 mod f ∗. (2.2)
Since gcd(gcd(g, f ), f ∗) = 1, by the Chinese remainder theorem, there exists an h ∈ (A/ f A)∗ such
that
h ≡ 1 mod gcd(g, f ) and h ≡ g mod f ∗. (2.3)
It follows from (2.2) and (2.3) that t is the least positive integer for which
h2
t−1 ≡ 1 mod f .
That is, h is the element of the t-cycle. This proves (1).
(2) follows from (1) and Theorem 2.1(1). 
The numbers of ﬁxed points in G(2)f ,1 and G
(2)
f ,2 are studied in:
Theorem 2.3. Let Ctf ,1 and C
t
f ,2 denote the number of t-cycles in G
(2)
f ,1 and G
(2)
f ,2 , respectively. Then
C1f ,1 = 1 and C1f ,2 = 2ω( f ) − 1.
Proof. We shall ﬁrst show that C1f = 2ω( f ) . Write f = Pe11 Pe22 · · · Perr Let g be a ﬁxed point in G(2)f
and i ∈ {1, . . . , r}. Then g2 ≡ g mod f . Consider g2 ≡ g mod Peii . We have
g2 − g = g(g − 1) ≡ 0 mod Peii ,
which implies that g = 0 or g = 1 since gcd(g, g − 1) = 1. Thus, the number of the solutions of
g2 ≡ g mod Peii is 2. Hence, the number of the solutions of g2 ≡ g mod Pe11 Pe22 · · · Perr is 2r = 2ω( f ) .
Next, we shall prove that C1f ,1 = 1. Let g be a ﬁxed point in G(2)f ,1. Then we have
0 ≡ g2 − g = g(g − 1) mod f .
Since gcd(g, f ) = 1, g ≡ 1 mod f , so C1f ,1 = 1. Finally, C1f ,2 = C1f − C1f ,1 = 2ω( f ) − 1. 
We close this cycle section by presenting the result on t-cycles in G(2)f ,2.
Theorem 2.4. The zero divisor subdigraph G(2)f ,2 contains a t-cycle if and only if there exist a positive odd
integer d and i ∈ {1, . . . , r} such that t = ordd 2 and d | λ( f /Peii ).
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deggcd(g, f ) 1. Since gcd(gcd(g, f ), f ∗) = 1, f ∗ | ( f /Peii ) for some i ∈ {1, . . . , r}. By Theorem 1.5(2),
λ( f ∗) | λ( f /Peii ). Let d = ord f ∗ g . It directly follows from Theorem 2.1(3) that d is odd, t = ordd 2 and
d | λ( f ∗) which implies that d | λ( f /Peii ).
Conversely, suppose that d is a positive odd divisor of λ( f /Peii ) for some i ∈ {1, . . . , r}. Let t =
ordd 2 and f i = f /Peii . By Theorem 1.5(4), there exists an h ∈ (A/ f A)∗ such that ord f i h = λ( f i). Then
ord f i h
λ( f i)/d = d. Since d | 2t − 1 but d  2k − 1 whenever 1 k < t , t is the least positive integer for
which
h(λ( f i)/d)
2t−1 ≡ 1 mod f i .
By the Chinese remainder theorem, we have g ∈ A such that
g ≡ 0 mod Peii and g ≡ hλ( f i)/d mod f i
since gcd(Pei , f i) = 1. Thus,
g2
t − g = g(g2t−1 − 1)≡ 0 mod f .
Since t is the least positive integer for which g2
t−1 ≡ 1 mod f i and Pi | g , g is a vertex of a t-cycle
in G(2)f ,2. 
3. Components and distances
We learn from Theorem 1.1 that the number of components is the same as the number of cy-
cles. Our next theorem gives a way to count the number of cycles and yields hence the number of
components.
Theorem 3.1. Let Ndf be the number of polynomials g such that deg g < deg f and d = ord f g. Then
Ctf ,1 =
1
t
∑
d
Ndf , (3.1)
where d runs over all positive odd integers such that d | λ( f ) and t = ordd 2, and
Ctf ,2 =
1
t
∑
Nd
′
f ∗ , (3.2)
where the summation is taken over all monic polynomials f ∗ such that deg f ∗ < deg f , f ∗ | f and
gcd( f / f ∗, f ∗) = 1, and for a given f ∗ the number d′ varies over all positive odd integers for which d′ | λ( f ∗)
and t = ordd′ 2.
Proof. (3.1): Observe that it suﬃces to show that
⋃
d
{
g ∈ (A/ f A)∗: ord f g = d
}= {g ∈ A/ f A: g is a vertex in a t-cycle of G(2)f ,1},
where d runs over all positive odd integers such that d | λ( f ) and t = ordd 2. Assume that there
exists an odd integer d with d | λ( f ) and t = ordd 2. By Corollary 2.2(2), G(2)f ,1 contains a t-cycle. Let
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integer such that g2
t−1 ≡ 1 mod f , and hence g2t ≡ g mod f which implies that g is a vertex of a
t-cycle. Theorem 2.1(3) gives the converse.
(3.2): Similar to (3.1), it suﬃces to prove that
⋃{
g ∈ A/ f A: ord f ∗ g = d′
}= {g ∈ A/ f A: g is a vertex in a t-cycle of G(2)f ,2},
where the union is taken over all monic polynomials f ∗ such that deg f ∗ < deg f , f ∗ | f and
gcd( f / f ∗, f ∗) = 1, and for a given f ∗ , the number d′ varies over all positive odd integers for which
d′ | λ( f ∗) and t = ordd′ 2. Assume that there exists a monic polynomial f ∗ such that deg f ∗ < deg f ,
f ∗ | f and gcd( f / f ∗, f ∗) = 1, and let d′ be a positive odd integer for which d′ | λ( f ∗), t = ordd′ 2 and
ord f ∗ g = d′ . Then gd′ ≡ 1 mod f ∗ . Thus, t is the least positive integer such that g2t−1−1 ≡ 0 mod f ∗ .
Since gcd( f ∗, f / f ∗) = 1, by the Chinese remainder theorem, we have an h ∈ A which satisﬁes
h ≡ 0 mod f ∗ and h ≡ g mod f / f ∗.
Hence,
h2
t − h = h(h2t−1 − 1)≡ 0 mod f .
Since t is the least positive integer for which h2
t−1 ≡ 1 mod f / f ∗ and f ∗ | g , g is a vertex of a t-cycle
in G(2)f ,2. Again, the converse follows from Theorem 2.1(3). Therefore, we have the theorem. 
Now we work on the distance from any vertex to the unique cycle in the component of our
digraph G(2)f .
Theorem 3.2. Let g ∈ A/ f A be such that deg g < deg f and g = h∏ri=1 Plii , where Pi are the monic irre-
ducible factors of f , li  0, and gcd(h, f ) = 1. For i = 1, . . . , r, we deﬁne the nonnegative integer mi by
mi =
⎧⎨
⎩
0, if li = 0;
ei, if 1 li  ei;
li, if li > ei .
Let
f # =
r∏
i=1
Pei−min(mi ,ei)i .
Suppose that ord f # g = 2cd, where d is odd. Let t = ordd 2. Then the component of G(2)f containing the vertex
g has a unique t-cycle. Moreover, the distance from the vertex g to this t-cycle is equal to
max
(
max
1ir
⌈
log2
mi
li
⌉
, c
)
,
where mi/li = 1 if mi = li = 0.
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cycle of C which is of least distance j  0 from g . Then
s ≡ g2 j ≡ h2 j
r∏
i=1
Pli2
j
i mod f .
By Theorem 2.1(2), Peii | s whenever Pi | g . Thus, for each i ∈ {1, . . . , r} such that Pi | g , we have
li2
j  ei,
so that
j 
⌈
log2
ei
li
⌉
for these values of i. If Pi  g then Pi  s. It now follows that
j  max
1ir
⌈
log2
mi
li
⌉
.
From the observations that Peii | s whenever Pi | g and Pi  g implies Pi  s, we obtain f # =
f /gcd(s, f ) and gcd( f / f #, f #) = gcd(s, f #) = 1. Let k = ord f # s. Since s is on a t-cycle, it follows
from Theorem 2.1(1) that k is odd and t = ordk 2. Note that if 0 i < c, then ord f # g2i = 2c−id. Since
gcd(2i,d) = 1 for i  0, we see that if i  c, then ord f # g2i = d. Thus, j  c, k = ord f # s = ord f # g2 j = d
and t = ordd 2. Recall that s is the vertex on the t-cycle closest to g , our result now follows from above
calculations. 
We have an immediate corollary of Theorem 3.2.
Corollary 3.3. If g is a vertex in the subdigraph G(2)f ,1 , then the distance from g to the cycle in its component is
equal to ν2(ord f g), where ν2(m) stands for the integer j such that 2 j ‖m. In particular, if g ∈ (A/ f A)∗ , then
g is on a cycle if and only if ord f g is odd.
The next theorem tells us that each vertex on a cycle of G(2)f ,1 has a directed path of length l,
where 2l ‖ λ( f ) terminating at this vertex. Somer and Krˇížek also had this result for their quadratic
digraph. Their proof in [3] used the existence of a primitive root modulo pn which is not the case for
A/Pe A. However, we found that the existence of an element of order 2l in (A/ f A)∗ obtaining from
Theorem 1.5(4) is enough.
Theorem 3.4. For each component of G(2)f ,1 , the maximum distance from a vertex in the component to the
unique cycle of the component is equal to ν2(λ( f )).
Proof. Let l = ν2(λ( f )). From Theorem 1.5(4), there exists an h ∈ (A/ f A)∗ such that ord f h = λ( f ) =
2lm, where m is odd. Choose u = hm . Then
ord f u = ord f hm = ord f hgcd(m,ord h) = 2
l.f
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and d |m. We shall ﬁnd a vertex in the component to g of distance l. Observe that ord f g2i = ord g ,
ord f ug2
i = 2l ord f g and (ug2i )2l = u2l g2i+l = g2i+l for all nonnegative integers i. Write −l mod t for
the remainder when t divides −l. Hence, ug2−l mod t is the initial vertex of a directed path of length l
to g , so the maximum distance from a vertex in the component to its unique cycle is equal to l. 
Our ﬁnal result is on the maximum distance from a vertex in G(2)f ,2.
Let k be the maximum value of ν2(λ( f #)), where f # | f and gcd( f / f #, f #) = 1.
Theorem 3.5. Let δ be the maximum distance from a vertex in G(2)f ,2 to the cycle in its component. Then
δ = max
(
max
1ir
(log2 ei),k
)
.
Proof. Let g ∈ A/ f A be a vertex in a component C of G(2)f ,2 and let j be the distance from g to the
cycle in C . Let
g = h
r∏
i=1
Plii ,
where Pi are the monic irreducible factors of f , li  0 but li  1 at least one i ∈ {1, . . . , r}, and
gcd(h, f ) = 1. Let mi and f # be deﬁned as in Theorem 3.2. Then f # | f and gcd( f / f #, f #) =
gcd(g, f #) = 1. Let ord f # g = 2cd, where gcd(2,d) = 1. Then by Theorem 3.2,
j = max
(
max
1ir
⌈
log2
mi
li
⌉
, c
)
.
From the deﬁnition of mi and k, we have
max
1ir
⌈
log2
mi
li
⌉
 max
1ir
log2 ei and c  k.
Thus,
j max
(
max
1ir
log2 ei,k
)
.
Next, we shall show that we can ﬁnd vertices in G(2)f ,2 such that the distances are equal to
max1irlog2 ei and k, respectively.
Consider the cycle containing the ﬁxed point 0. Since f | (P1P2 · · · Pr)max1ir ei , P1P2 · · · Pr is in
the same component as 0 and the distance from 0 is equal to max1irlog2 ei.
Let f1 ∈ A/ f A be such that f1 | f , deg f1 < deg f and gcd( f / f1, f1) = 1. By Theorem 1.5(4), there
exists a g ∈ A/ f A such that
ν2(ord f1 g) = ν2
(
λ( f1)
)
.
By the Chinese remainder theorem, we can ﬁnd a vertex h in G(2)f ,2 such that
h ≡ 0 mod f / f1 and h ≡ g mod f1.
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ν2(ord f1 h) = ν2
(
λ( f1)
)
.
Since the number of f1 for which f1 | f is ﬁnite, we can ﬁnd such f1 for which ν2(λ( f1)) is a
maximum and this value is k. 
The above theorem yields an immediate corollary.
Corollary 3.6. Let g ∈ G(2)f ,2 of the maximum possible distance δ from the cycle in its component. The following
statements hold.
(1) If f = Pe, where P is irreducible and e > 1, then δ = log2 e.
(2) If P2  f for all irreducible polynomials P , then δ = k.
(3) If f is irreducible, then g is the ﬁxed point 0 of indegree 1 and h = 0.
(4) If f is not irreducible, then g lies outside the cycle in its component and g has indegree 0.
4. Examples
We illustrate the results of the previous three sections by the following three examples. The ﬁrst
example is when f (x) is irreducible and so (A/ f A)∗ is a cyclic multiplicative group. The second one
demonstrates when f (x) is a prime power. Finally, we give an example when f (x) is a square-free
product of irreducible polynomials. These examples also clarify and make use of the theorems that
we have studied throughout this paper.
(1) Let A = F3[x] and f (x) = x3 − x + 1. Note that f (x) is irreducible over F3, and hence A/ f A is a
ﬁeld and (A/ f A)∗ is a cyclic multiplicative group of order 27 − 1 = 26. Then λ( f ) = 26 = 2 · 13,
so l = 1 and the odd numbers dividing λ( f ) are 1 and 13 which yield t = 1 and 12, respectively.
Thus, G(2)f ,2 is only 0 isolated ﬁxed point and G
(2)
f ,1 consists of one 1-cycle with one directed edge
pointing to the vertex 1, and one 12-cycle with one directed edge pointing to each vertex since
l = 1. We display the digraph G(2)f below.
Y. Meemark, N. Wiroonsri / Finite Fields and Their Applications 16 (2010) 334–346 345(2) Let A = F3[x] and f (x) = x3. Since ω( f ) = 1, each non-initial vertex of G(2)f ,1 has indegree 2 and
G(2)f ,2 has only one cycle. By Corollary 3.6, δ = log2 3 = 2. A trivial computation shows that
ord f g = 1,2,3,6 for all g ∈ (A/ f A)∗ , so λ( f ) = 6. Then l = 1 and the odd numbers dividing
λ( f ) are 1 and 3 which give t = 1 and 2, respectively. Clearly, |(A/ f A)∗| = |{a0 + a1x + a2x2 +
(x3): a0,a1,a2 ∈ F3 and a0 = 0}| = 18, and hence the number of 2-cycles is 4. The digraph G(2)f
is shown below.
(3) Let A = F5[x] and f (x) = x2 + x = x(x + 1). Then ω( f ) = 2, A/ f A ∼= A/xA × A/(x + 1)A and so
(A/ f A)∗ ∼= (A/xA)∗ × (A/(x + 1)A)∗ . Since A/xA and A/(x + 1)A are ﬁelds with ﬁve elements,
(A/xA)∗ and (A/(x + 1)A)∗ are cyclic of order 4. Thus, λ( f ) = 4 = 22, so l = 2 and the only odd
number dividing λ( f ) is 1. Hence, there is only one cycle in G(2)f ,1 with vertex 1. Since ω( f ) = 2,
by Theorem 1.4, each non-initial vertex of G(2)f ,1 has indegree 4. It follows from Corollary 3.6 that
δ = 2. By Theorem 2.3, we have three 1-cycles in the subdigraph G(2)f ,2. Note that f is square-free,
Theorem 1.2 implies that 0 is an isolated ﬁxed point. The digraph G(2)f is displayed below.
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